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Abstract: We propose a coefficient that measures the dependence among large values for spatial processes
of maxima. Its main properties are: a) k locations can be taken into account; b) it takes values in [0, 1] and
higher values indicate stronger dependence; c) it is independent of the univariate marginal distributions of
the random field; d) it can be related with the tail dependence and the extremal coefficients; e) it agrees
with the concordance property for multivariate distributions; f) it has as a particular case the variogram
from geostatistics; g) it can be easily estimated.
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1 Definition of the multivariate variogram
Natural models for spatial extremes are max-stable processes. They can be, for instance, good
approximations for annual maxima of daily spatial rainfall and have been widely applied to real
data in environmental, atmospheric and geological sciences.
Here {Z(x),x ∈ Rd} denotes a strongly stationary random field of maxima. That means that,
for each choice of x1, ...,xk, the distribution of (Z(x1), ..., Z(xk)) is a multivariate extreme value
distribution Gx1,...,xk (Resnick, 1987). Its tail dependence function
lx1,...,xk(t1, ..., tk) = lim
u↓0
1−Gx1,...,xk
(
G−1
x1
(1− ut1), ..., G
−1
xk
(1− utk)
)
u
,
(t1, ..., tk) ∈ R
k
+, characterizes fully the dependence among its marginals distributions Gxj , j =
1, ..., k.
Several dependence coefficients have been considered in order to resume the dependence among
the marginals of Gx1,...,xk : extremal coefficients, tail dependence coefficients and madogram.
Next definition introduces our proposal and then we explore its advantages and relations with the
previous coefficients.
Definition 1.1. The variogram of (Z(x1), ..., Z(xk)) is the coefficient
v(x1, ...,xk) = 1−
k + 1
k − 1
E


k∨
j=1
Gxj (Z(xj))−
k∧
j=1
Gxj (Z(xj))

 .
We remark that
v(x1, ...,xk) = 1−
k + 1
k − 1
E

 ∨
{i,j}⊂{1,...,k}
| Gxi(Z(xi))−Gxj (Z(xj)) |

 .
Therefore, for two locations xi and xj , it holds v(xi,xj) = 1− 6ν(| xi − xj |), where
ν(| xi − xj |) =
1
2
E
(
| Gxi(Z(xi))−Gxj (Z(xj)) |
)
is the first-order variogram or madogram ( Matheron (1987), Cooley et al. (2006)).
22 Main properties
Proposition 2.1. The coefficient v(x1, ...,xk) is independent of the univariate distributions Gxj ,
j = 1, ..., k and it holds
v(x1, ...,xk) = 1−
k + 1
k − 1

 lx(1, ..., 1)
1 + lx(1, ..., 1)
−
∑
∅6=I⊆{1,...,k}
(−1)|I|+1
lxI (1, ..., 1)I
1 + lxI (1, ..., 1)I

 ,
where x = (x1, ...,xk) and xI denotes the sub-vector of x with indices in I.
The above proposition enhances that
a) the tail dependence function lx1,...,xk of Gx1,...,xk determines v(x1, ...,xk);
b) the extremal coefficients ǫxI = lxI (1, ..., 1)I , for I ⊆ {1, ..., k} determine v(x1, ...,xk);
c) for k = 2, we obtain ν(| xi −xj |) =
lxi,xj (1,1)
1+lxi,xj (1,1)
− 12 , which is the equation (14) in Cooley et al.
(2006).
Proposition 2.2. If (Z(x1), ..., Z(xk)) is more concordant than (Z(y1), ..., Z(yk)) then v(x1, ...,xk) ≥
v(y1, ...,yk).
Proposition 2.3. a) If (Z(x1), ..., Z(xk)) has independent margins then v(x1, ...,xk) = 0.
b) If (Z(x1), ..., Z(xk)) has totally dependent margins then v(x1, ...,xk) = 1.
c) 0 ≤ v(x1, ...,xk) ≤ 1.
The proofs of the above propositions can be found in Ferreira (2013).
3 Estimation
Let (Z(i)(x1), ..., Z
(i)(xk)), i = 1, ..., n, independent copies of (Z(x1), ..., Z(xk)) and Gˆxj the em-
pirical distribution function provided by Z(i)(xj), i = 1, ..., n, j = 1, ...k. The natural estimator
for the variogram v(x1, ...,xk) is
vˆ(x1, ...,xk) = 1−
k + 1
k − 1
×
1
n
n∑
i=1


k∨
j=1
Gˆxj (Z
(i)(xj))−
k∧
j=1
Gˆxj (Z
(i)(xj))

 .
The estimator is strongly consistent and its asymptotic normality can be deduced from the
Theorem 6 in Fermanian et al. (2004).
4 Application
We compute the estimates for the variogram of the amount of tritium (pCi/L) in drinking water,
for Muscle Shoals, Scottsboro and Montgomery, three cities in Alabama State (USA).
The first two are relatively close to a nuclear power plant in northern Alabama (Browns Ferry
reactors at Decatur): Muscle Shoals is about 20 miles west of the plant, Scottsboro is about 60
miles east of the plant and both are situated on the banks of the Tennessee River. Measurements
(quarterly) can be accessed at http://oaspub.epa.gov/enviro/erams.
The tritium data in drinking water show both Muscle Shoals and Scottsboro have greater levels
than Montgomery in the period 1997-2013, and we evaluate the dependence of the annual maxima
at these locations throughout the estimated variogram vˆ.
3location Scottsboro (S) Montgomery (M)
Muscle
Shoals (MS) vˆ(MS,S)=0,4 vˆ(MS,M)=0,13
Scottsboro vˆ(S,M)=0,22
vˆ(MS,S,M)=0,26
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